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Estimation of Sample Reactivity Worth
with Differential Operator Sampling Method

Yasunobu NAGAYA and Takamasa MORI

Japan Atomic Energy Agency, Tokai-mura, Naka-gun, Ibaraki-ken, 319-1195, Japan

Applicability of the Taylor series approach with the arbitrary-order differential operator sampling (DOS) method is
examined for the calculation of sample reactivity worth. The DOS method is extended to obtain the differential coeffi-
cients of the effective multiplication factor and the perturbed source effect up to the arbitrary order. The methodology is
implemented into a continuous-energy Monte Carlo code MVP to perform benchmark calculations. It is found that the
second-order Taylor series approach gives an enough accurate result for simple fast systems of Godiva and Jezebel. A
discrepancy of~10% is, on the other hand, observed for the Np-237 sample worth calculation for the tank-type critical
assembly TCA even with the fifth-order Taylor series approach. The perturbed source effect has a significant contribu-
tion for the calculation of sample reactivity worth; it must be estimated for all the cases. Alternative approaches such
as the Padé approximation, the midpoint and interpoint methods are also examined for the TCA sample worth problem.
They give similar results as the ordinary higher-order Taylor series approach.

KEYWORDS: Monte Carlo, perturbation, sample reactivity worth, differential operator sampling, perturbed
source effect

I. Introduction and measured values though measurements of sample reactiv-

. . : . ity worth were performed at Jezebel and TCA. The compar-
Nuclear reactor analysis requires calculations of reactivit ; . .
: L on is performed with the reference values obtained by two
worth such as control rod worth, void reactivity worth, sam: : : )
C . e independent Monte Carlo calculations to investigate the ap-
ple reactivity worth, etc. It is, however, difficult to perform

such calculations with the Monte Carlo method if the Wortrphcablllty of the Taylor series approach.

is small. In such cases, it might be appropriate to use Mon

Carlo perturbation methods: correlated sampling and differer}f Methodology

tial operator sampling (DOS) methods. Applicability of these The change in the effective multiplication facter of the
methods to reactivity changes has been extended by takipgh generation can be expressed with the Taylor series expan-
the perturbed source effect (PSE) into accdtMiOne, how-  sjon as

ever, must note that the methods are applicable only for small

perturbation such as small fractional density change; the vari- ok; 102k, )

ance diverges for large perturbation in the correlated sampling Ak; = 90 Aa + 3 0a2 (Aa)” + -

method and the higher-order effect is neglected in the DOS 10"k, .

method. + g (Aa)T+ 1)

In the present work, applicability of the Taylor series ap-

proach with the DOS method is examined for the calculation, e is a perturbation parameter such as a material den-

of S"’.‘mp'e rgactmt)_/ worth.. The DOS method_ls extend(_ed tgity, etc. Each differential coefficients at a given state can be
obtain the differential coefficients of the effective multlpllca-estimated with the DOS method

tion factor up to an arbitrary order. The extension has been

already proposed by Morillhbut we present a formulation ) , . .

to calculate the contributions from the PSE explicitly. Thet- First-Order Differential Coefficient

normalization condition is also derived for the higher-order According to the DOS formulation by Nagaya and Mbri,

differential coefficient of the effective multiplication factor. the first-order differential coefficient df; can be written as
The extended DOS method is implemented into the MVBllows:

codé to perform benchmark calculations. The benchmark

systems are Godiva, Jezebel and TEAhe first two are sim- Ok; 1 0

ple fast systems and the last is a complicated thermal system. D0 m Z /de.../dpl/dro

We do not focus on the comparison between the calculated Fi m=1

x Wi (P, Prumo) F(Poy - PrLmo), (2)
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F(Py, - ,Pi,rg) = Furthermore, Eq.§) can be split into the perturbed source
X:(P, and non-perturbed source terms:
wK(pm;pm_l) K (Py Py)

2i(Pr)
Ok; Oknps, Okps;
XT(P1;70)Sy,i(ro, E1, -?1))7 ») ) 90 3a 3a ) (10)
(1) Xi(Pe) 0 (VEf Py ) ok )
Wi (Ppy- , Pryrg) = ———~— | —— NPS,i _ .
I ( ! a) Z/Ef(Pg)a Xi(Py) da _fdPSf, Z /dpm /dp1/d1°0
1
+—————K(P; Pi1) +- m
K(P;Pi1)da o Zwﬁll\)lps v (Fy) , (11)
PR gK(P'P)—kil 9 P(Pysmo) =
K(Pg;Pl) da Hot T(Pl,ro)a 170 8I€PS ) 1 i
1 P =t = de-~-/dP1/dr0
- E, 0 4 da dPS .i(P) — /
sz(’l“O>E1791) Oa a2 i(ro, B1, 1), “) / mf
where P is the six-dimensional vectdrr, F, £2) which rep- Z W}lF),S Vg\?f]fi) H, (12)
resents spatial position, energyE, angles2; Sy ;(P) is the o= +(Fr)
fission sourceX; andv X, are the total and production cross
sections, respectively is the transition kernel which con- Where
sists of the transport kern&l multiplied by the collision ker- " (P & (vEs(Py)
nel C. The transition, transport and collision kernels are deW; pg = =
UEf(Pg) Oa Et(Pg)
fined as follows: ) 9
K(Py; Pr—1) = T(Pe;70-1) +K(P€7PE 1) aaK(Pé’Pé 1)+ (13)
XCO(rp—1,Ee, 243 Ep1,2¢1), 5) 1 0 1 5,
— KPP+ —— —T(P;
T(r,E,2;7") = %(r,E) +K(P2;P1) Oa (Po; 1) + T(Py;7g) Oa (Pr;7o)
|7—7] r—p a 1 0 o
X exp —/ Sy(r— s7——r)ds Wi ps = Sp1(ro. Er, 1) g 24T, B1, £21). (14)
0 r— /| Y
5(.IT=r__1q The use of Eq.X0) enables us to estimate the PSE and its
(2 2=2 1)

X

) (6) statistical uncertainty quantitatively.

In a Monte Carlo power iteration, the fission source is nor-
(7) malized as follows:

|r — 7|2
Z(r;E, 2 — E, Q)

C(r,E,2:E, Q) =

Xi(r, E")
1
W}l) is the weight factor to estimate the first-order differential Sra(P) = ki (P5 P)Spi-1(F'),  (15)
coefficient.
To express the tally score for the first-order differential co- /dP"CF(P; P')Spia(P) =

efficient of k; explicitly, Eq. @) is transformed into the fol- -
lowing form: Z/dEm/dﬂm/deq“-/dPo
ok; m=0
da fdpsﬁ APy [ dPy [ dro <X(E, @)F (v, By, @, P+, P) - (16)

Thus the normalization condition is also imposed for the dif-
ferential coefficient of the fission source. The condition is
derived from Eq. 15) as

CIT vEy(Py)
[ZW [2) ) 177‘0) Et(PZ)

XH(Pma"'aply"'O), (8)
H(Pr, o Prymo) = ﬁSf,i(P)z : {/dP’ 0 [KrpSyi-1(P')]
a(Pm)K(Pm;mel)"'K(PQ;Pl) da ki—ll o da
xT(Pr;r0)S.i(ro, En, £21), 9) Tt / dpfchsf,“@/)}. (17)
i—1 a

where « is the absorption probability. H denotes a neu-

tron history; it means the existence probability of the neuthis condition must be considered for Edj4).

tron. It is unity for analog Monte Carlo and is a particle Inthe present work, the first-order differential coefficient is
weightw for non-analog Monte Carlo. SCOFiW}l)yEf/Et calculated from the collision estimates in each batch. The final
or W;l)’(UI/Zf/Zt estimates the first-order differential Coeffi_value is obtained by averaging over active batches as follows:
cient ofk; for analog or non-analog Monte Carlo, respectively.

N
Scored values fon depend on the perturbation parameter; [ak] 1 Z 61@»7 (18)
Reference$ and7 can be consulted for concrete examples. da N = Nakip

’LNk +1
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whereE[0k/0a] is the estimatedk/Ja value; N and Ny, To estimate the perturbed source effect explicitly, we split
are the total and skipped (inactive) batches, respectively. The]. (25) into two terms:
variance is simply estimated as follows: Ok, Mknpss  O"kps.
= ; (26)
dam da™ dam™
- Pk} - : " knps i 1 -
N — Nggp — 1 2= dP,,--- [ dPy [ d
Oa ip dan  ~ [dPS;(P) Z / / ! / ro
N 2 m=
1 (61@) 9 {816} m
X | — - B | =, @19 vE;(Pr)
N — Naap ,_ Nzk;H da da éz prsﬁ H, (27)

wherec[9k/da] is the standard deviation for the estimated ~ 9"kps.i _ Z /dP ---/dP /dr
0k /0a value. The correlation between batches (generations)  da™ J dPsz " ! 0

is not taken into account.

Z win 2t Py (28)
2. Higher-Order Differential Coefficient IS 5(Py)
The formula for the second-order differential coefficient ofyhere
k; can be derived by differentiating Eq)( (n-1)
f,NPS n—1 1
0%k; WJ(“l\)T T oa + Wf( NPS)Wf( 131PS (29)
/dpm /dP1 /d’l"o (n—1)
8a2 desz 8W l _
(n) — f,PS + W(l) W(n 1)
« W}Q)F (20) f,PS da f.NPSYY f PS
’ n—1 n—1 1
+ |:W]E,NPS) + WJE,PS ) W]E,F)’S' (30)
@ _Zf (W(1)> (1) , . .
f da f ’ Equations29) and @0) can be also calculated with Morillon’s
procedure.
W}z) is the weight factor to estimate the second-order differ- The calculation of Eq30) requires the higher-order differ-
ential coefficient. ential coefficients of the fission source. They are calculated
Likewise, we can obtain the formula for the higher-ordekvith the following normalization condition in the power iter-
differential coefficient of; as follows: ation:

8&” f ClPSf7

1 0"k /
- dP'KrSsi1(P)
x Wi, (22) ki1 8an f,
’ n—1 _s
ooowY - o P ey TR gy
Wi =L W wi, (23) Zs!(n—s)!aassf’“l( e
a s=1

Similarly to the first-order differential coefficient, the

(n) (1)
W™ can be calculated fromi’; and its derivatives by using nigher-order differential coefficients are calculated as follows:
Eq. @3) recursively. The following relation is useful for the

recursive calculation: n 1 N "
"k Z 0 kl7 (32)
, _ Oa™ N Nskl oa™
atW;”) t / asW;” 1) atfswj(cl) P i=Ngip+1
= : 24
Oat ; st —s)! Oa® Oat—s (24) where E[0"k/0a™] is the estimated”k/da™ value. The
variance is estimated as follows:
Equation 22) can be transformed into the tally-score form: ok 1
0-2 |::| TN = Nagp — 1
e Oa™ N — Ngip — 1
"k; 1 skip
= dPp,--- [ dPy | d
dan [ dPS;(P) Z / / 1/ "o 1 N ok N\, [0k
— Y 2 |28 (@3
5 P N Nsklp aa" 8&”
an)V f e (25) i=Ngkip+1
Zi(Pe) wherec[0"k/0a"] is the standard deviation for the estimated

, ) . . ~ 0"k/0a™ value. The correlation between batches (genera-
The higher-order differential coefficients éf can be esti- (jons) is not taken into account. In addition, all the corre-

mated by scoringV’\")v¥';/ %, at every collision site. The |ations between the differential coefficients are neglected in
above procedure has been already proposed by MoAlltve ~ estimating the reactivity worth; they are caused by using the
detailed algorithm is described in his paper. same random walk to estimate the differential coefficients.
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Table 1 Comparison of the reactivity worth calculated with 0000 o——_ 7
the DOS method and its reference values for the Godiva T
assembly (perfectly voided case) < -0.001 | e 1
== TSR ~.
> TSI
Reactivity worth {03 Ak /kk') il o
Reference 2.883(0.042) % -0.002 ]
©
Taylor series ~ Without PSE With PSE £ 0005 1 RN
up to 1st-order -1.291(0.020) -3.044(0.054) “g’a
Up to 2nd-0rder '1352(0023) '2803(0068) g 0.004 L .Reference 0] ]
up to 3rd-order  -1.346(0.023)  -2.861(0.078) ' storder DOS without BSE
up to 4th-order -1.350(0.023) -2.850(0.085) zﬁgfé%téterrggsslens;g:gg{ ggg
* The value in the parenthesis stands for one standard deviation of _0'0050.0 Oil 0i2 0f3 0i4 0i5 0i6 0i7 0i8 0i9 1i0
the statistical uncertainty. Fractional decrease in density

Fig. 1 Comparison of the change in reactivity worth calcu-
IIl. Benchmark Calculation lated with the differential operator sampling method and its

_ _ reference values for the Godiva assembly
Benchmark calculations are performed for Godiva, Jezebel

and TCA assemblies. The first two assemblies are a fast ura-
nium system and a fast plutonium system, respectively. THist-order approximation is applicable up to about 50% de-
TCA assembly is a thermal uranium system. JENDL®has crease in density but the discrepancy becomes larger for more

been used for all calculations. than 50% decrease. The second-order approximation is, on
the other hand, applicable for the perfectly voided case (100%
1. Godiva decrease in density).

The benchmark model specified in HEU-MET-FAST-001
of the ICSBEP handbodkis employed; the geometry of the 2. Jezebel
assembly is a bare uranium sphere of a radius of 8.741 cmWe perform a benchmark calculation for a Pu-238 replace-
and the composition is 93.71 wt% U-235, 5.27 wt% U-238nent measurement using Jezebel. This experiment has been
and 1.02 wt% U-234. The reactivity worth is calculated foreported as SPEC-MET-FAST-002 in the ICSBEP handbook.
the case where the central region of radius less than 1 cmTiBe benchmark geometry of the assembly is a bare plutonium
voided. This is a calculation benchmark since the perturbati@phere of a radius of 6.6595 cm and the composition is 76.4
is fictitiously introduced: such an experiment has not beest% Pu-239, 20.1 at% Pu-240, 3.1 at% Pu-241 and 0.4 at% Pu-
performed. 242. The Pu-238 sample of a radius of 0.6439 cm is placed at
The reference values are obtained with two independetite center of the Jezebel assembly. The reactivity worth is cal-
Monte Carlo runs performed for 40,000 active and 100 inasulated as the change in reactivity between the Pu-238 sample
tive batches with 10,000 histories per batch. A single eigemnd a void.
value calculation is, on the other hand, performed for 4,000 The reference values are obtained with two independent
active and 100 inactive batches with 10,000 histories per batéhonte Carlo runs performed for 160,000 active and 100 inac-
to obtain the reactivity worth with the DOS method. tive batches with 10,000 histories per batch. A single eigen-
Table 1 shows the comparison of the change in reactivityalue calculation is, on the other hand, performed for 10,000
worth calculated with the DOS method and its reference vakctive and 100 inactive batches with 10,000 histories per batch
ues for the Godiva assembly. The significant discrepancy cémobtain the reactivity worth with the DOS method.
be observed unless the PSE is not taken into account. Com-Table 2 shows the comparison of the change in reactiv-
paring the calculated values including the PSE, the first-ordéy worth calculated with the DOS method and its reference
approximation yields a slight overestimation of the negativealues for the Jezebel assembly. Almost the same trend as
reactivity worth; the values agree within two standard devifor Godiva is observed for the Jezebel case. The PSE must
ations though they do not agree within one standard devibe calculated and the second- or higher order approximation
tion. The second-order perturbed source effect improves tigeves a very good result; the values agree within one standard
calculated result; the values agree within one standard devigeviation and the difference is less than 1%.
tion. The higher-order approximation also gives a very good According to the ICSBEP handbook, the experimental
agreement with the reference value; the difference from thalue is 1.4614£0.109< 10-3Ak/kk’. The B.¢ value of
reference value is less than 1%. 0.00204+0.00011 is used for the unit conversion. All the cal-
To examine the applicability of the first- and second-ordeculated data agree with the experimental value within the ex-
approximation against the void fraction, we plot the change iperimental uncertainty. We do not perform further investiga-
reactivity worth as a function of the fractional decrease in dertion for validation of nuclear data in the present work. How-
sity. Figure 1 shows the comparison of the change in reactivever, the reactivity worth calculation with the DOS method
ity worth for the first- and second-order approximations. Thean be an applicable tool for it.
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Table 2 Comparison of the reactivity worth calculated withTable 3 Comparison of the Np-237 sample reactivity worth
the DOS method and its reference values for the Jezebelkalculated with the DOS method and its reference values for
assembly (perfectly voided case) TCA (perfectly voided case)

Reactivity worth {03 Ak /kk') Reactivity worth (03 Ak /kk')

Reference -1.392(0.021) Reference 1.754(0.014)
Taylor series Without PSE With PSE Taylor series  Without PSE With PSE
up to 1st-order -0.742(0.007) -1.470(0.020) up to 1st-order 0.511(0.004) 0.793(0.013)

up to 2nd-order
up to 3rd-order
up to 4th-order

-0.767(0.007)
-0.767(0.007)
-0.767(0.007)

-1.382(0.022)
-1.391(0.022)
-1.391(0.022)

* The value in the parenthesis stands for one standard deviation of
the statistical uncertainty.

up to 2nd-order
up to 3rd-order
up to 4th-order
up to 5th-order
up to 6th-order
up to 7th-order
up to 8th-order

0.754(0.005)
0.872(0.006)
0.932(0.007)
0.961(0.008)
0.975(0.009)
0.980(0.009)
0.982(0.010)

1.194(0.017)
1.385(0.021)
1.494(0.025)
1.552(0.029)
1.563(0.033)
1.579(0.038)
1.562(0.042)

0.0000
* The value in the parenthesis stands for one standard deviation of

the statistical uncertainty.

-0.0005

The reference values are obtained with two independent
Monte Carlo runs performed for 100,000 active and 100 inac-
tive batches with 64,000 histories per batch. A single eigen-
value calculation is, on the other hand, performed for 8,000
active and 100 inactive batches with 64,000 histories per batch
to obtain the reactivity worth with the DOS method.

Table 3 shows the comparison of the change in reactivity
worth calculated with the DOS method and its reference val-
ues for the TCA assembly. The Taylor series terms are cal-
culated up to eighth order for this problem. The PSE terms

Fig. 2 Comparison of the change in reactivity worth calcu2'® also calculated up to eighth order. However, the sixth and

lated with the differential operator sampling method and itigher-order PSI_E terms have ”9‘ been_ confide.n'gly estimated
reference values for the Jezebel assembly because the estimates of the differential coefficients fluctu-

ate significantly as the number of the propagation batches in-
creases and the relative statistical errors of the differential co-
Figure 2 shows the comparison of the change in reactivefficients are larger than 100%. The second-order approxima-

ity worth for the first- and second-order approximations. Th&on underestimates the reference resulti80% even if the
second-order approximation is applicable for the perfectliSE is taken into account although the approximation gives
voided case (100% decrease in density) but the first-order agery good results for the Godiva and Jezebel cases. Consid-
proximation tends to overestimate the reference values of teeation of the higher-order PSE improves the calculated result
negative reactivity worth slightly as the decrease in densityut the fifth-order approximation still underestimates the ref-
becomes larger. erence result by-11%. Therefore, the higher-order Taylor

series must be taken into account and the sixth- and higher-
3. TCA order PSE terms must be estimated accurately for the TCA

Measurements of Np-237 sample reactivity wétihave case.
been performed with the Tank-Type Critical Assembly (TCA), To investigate the applicability of the DOS method, the
which is a light-water moderated and reflected 2.6 wt% erchange in reactivity worth is plotted as a function of the frac-
riched UQ, lattice® The sample worth was measured fortional decrease in densityFigure 4 shows the comparison
cores with various water-to-fuel volume ratios. We perfornbetween Taylor approximations and the reference solution for
benchmark calculations for a core of the water-to-fuel volthe case where the PSE is not taken into account. Though the
ume ratio of 3.0 because the measured reactivity worth is moreactivity change can be confidently estimated up to the higher
than 20 cent$0.0015\k/kk’). Figure 3 shows the calcula- order in this case, the calculated results are significantly un-
tion geometry for the benchmark. The experimental channderestimated in all the range of the fractional decre&sg-
and the sample are explicitly modeled in the geometry. Refetre 5 shows, on the other hand, for the case where the PSE is
ences and10can be consulted for detailed information sucttaken into account. The third- or higher-order approximation
as dimensions, composition, etc. about TCA and the samplgives a very good result until the density decrease of 50%.
respectively. However, the discrepancy becomes large even for the fifth-

-0.0010

-0.0015

Change in reactivity (Ak/kk')

Reference

1st-order DOS without PSE
2nd-order DOS without PSE -
1st-order DOS + 1st-order PSE

2nd-order DOS + 2nd-order PSE ——
-0.0020 - 1 1 1 f L n 1 1 1 1

00 01 02 03 04 05 06 07 08 09 10
Fractional decrease in density
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Air Vacuum
Vacuum \
NpO, sample
Water )
- Stainless
steel
/ sleeve
U0, fuel rod /
Al plug
Air (Void) Vacuum

Fig. 3 Calculation geometry for the TCA assembly

0.0020 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.0020 ‘ ‘
Reference O Reference
1st-order 1st-order
2nd-order © 2nd-order ©
~ 3nd-order ~ 3nd-order
3 |  4th-order ----- i =~ | 4th-order
§ 0.0015 8th-order = 0.0015 5th-order
S @ g
2 2
= =
& 0.0010 [ & 0.0010 |
o o
£ s e
- s ! el
o)) > | T e
g 5 A
8 0.0005 | & 0.0005 e -
O c | .
o -
0.0000 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.0000 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
00 01 02 03 04 05 06 07 08 09 1.0 00 01 02 03 04 05 06 07 08 09 1.0
Fractional decrease in density Fractional decrease in density

Fig. 4 Comparison of the change in reactivity worth calcufig. 5 Comparison of the change in reactivity worth calcu-
lated with the differential operator sampling method and its lated with the differential operator sampling method and its
reference values for the TCA assembly (no PSE included) reference values for the TCA assembly (PSE included)

order approximation as the density of the sample decreasealculated sample reactivity worth by reducing its magnitude

These results suggest that more higher-order terms must d&d the density change.

considered.

. 1. Padé approximation

IV. Alternative Approaches . o :

Suppose that the effective multiplication factois a func-

In the previous section, it has been found that the accurdien of the variation of a perturbation parameter= Aa.

estimation of the sample reactivity worth with the ordinaryThen the Taylor series of(x) atz = 0 can be expressed

Taylor series approach is difficult for the TCA case. To miti-as follows:

gate this difficulty, three alternative approaches are examined:

the Padé approximatio, midpoint method and the inter-

point method. The Padé approximation is expected to improve

the estimation of higher-order effects. The midpoint and in-

terpoint methods are expected to improve the accuracy of the

k(x) = k(0) 4+ k'(0)z + %k”(o)gﬂ +..

1
“rgk(n)l’n‘k“' , (34)
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0.0020 T : : . . . i ‘ ‘ ‘
Reference O
4th-order Taylor =
[2/2] Pade ®
£ oo0015 A
g o/
2 .
& 00010 |
o .y’
£
(4]
D
8 :
& 0.0005 - |
O
0.0000 L . . A . ) ) ) ) ‘
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Fig. 6 Comparison of the change in reactivity worth calcuFig. 7 Comparison of the change in reactivity worth calcu-
lated with the second-order Taylor series and the [1/1] Padélated with the fourth-order Taylor series and the [2/2] Padé
approximant for the TCA assembly

With the Padé approximatidi(z) can be written as a rationa

function:

R[L/M](x)

_ po+prx+pex® + -+ prat
gt gea? 4 - 4 g™

(35)

To transform Eq. 34) into the rational form, the following
conditions must be satisfied:

RIL/M)(0) = k(0), (36)
d* d*
L M@ = k@) 37

for k=1,2,---,L+ M.

approximant for the TCA assembly

| Table 4 Comparison of the Np-237 sample reactivity worth

calculated with the Padé approximation and its reference
value for TCA (perfectly voided case)

Reactivity worth (03 Ak/kk')
1.754(0.014)

1.194(0.017)"
1.494(0.025)

1.603(0.047)
1.587(0.032)

Reference

2nd-order Taylor series
4th-order Taylor series

[1/1] Padé
[2/2] Padé

* The value in the parenthesis stands for one standard deviation of
the statistical uncertainty.
** All the calculated results include the PSE.

The second-order Taylor series can be written with the [1/]Iﬂ'he Change ik is expressed as follows:
Padé approximant:

1
K(0) + K (0)z + 5K"(0)a® = Pot+ iz

: 38
T oz (38)

where the coefficientpy, p1 and ¢; can be obtained from
Egs. 86) and @7). Thus the change ik is expressed as fol-

lows:

Ak = R[1/1](x) — R[1/1)(0)

k'(0)Aa
k” (0)
2k/(0)

(pl —pOQ1)$ _
14+ qx

(39)
Aa

Likewise, the fourth-order Taylor series can be written wit
the [2/2] Padé approximant:

k(0) + K/ (0)z + %k"(om? +

1
3!
_ Po+ prz + pox?

L+ qz+ ga?

1
" 3 (4) 4
E7(0)a” + kY (0)e

(40)

Ak = R[2/2)(z) — R[2/2)(0)
c1Aa + cz(Aa)?

T 1t qha+t ¢2(Aa)?’ 41
c1 =p1 —poqr = K'(0), (42)
c2 = p2 — pog2 = @1k’ (0) + %k”(o)» (43)
_2K"(0)k'(0) — 6k (0)k'(0)
C= T4 0V (0) — 6(k7(0))2 (44)
4o — 4(E"(0))? — 3k (0)k" (0) 45)

~ 36(Kk"(0))2 — 24K’ (0)k"(0)

Figures 6 and 7 show the comparison of the change in

ﬁhe reactivity worth calculated with the second-order Taylor

series and the [1/1] Padé approximant, and with the fourth-
order Taylor series and the [2/2] Padé approximant, respec-
tively. The Padé approximation gives better results than the
Taylor series approximations. In particular, the [1/1] Padé ap-
proximation outperforms the second-order Taylor series ap-
proximation for the large fractional decrease in density even
though the same differential coefficients up to the second or-
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Table 5 Comparison of the Np-237 sample reactivity worthTable 6 Positive- and negative-side reactivity worths calcu-
calculated by using the midpoint and interpoint methods lated by using the interpoint method with the Taylor series
with the Taylor series approximation and its reference value approximation and their reference values

for TCA (perfectly voided case) Reactivity worth (0 S Ak /kE)
Reactivity worth (03 Ak /kk) Negative side
1.754(0.014) +200% increase -100% decrease
Midpoint -0.843(0.014)  0.911(0.014)
1.415(0.013) Interpoint method with Taylor series

Positive side

Reference

Interpoint Reference

1.793(0.018)

up to 1st-order

up to 2nd-order — 1.312(0.026) u

p to 1st-order -1.195(0.018) 0.598(0.008)
up to 3rd-order  1.577(0.015)  1.771(0.036) upto2nd-order  -0.554(0.024)  0.758(0.009)
up to 4th-order — 1.531(0.050) upto 3rd-order  -0.962(0.034)  0.809(0.010)

up to 5th-order
up to 6th-order
up to 7th-order
up to 8th-order

1.611(0.018)

1.640(0.021)

1.707(0.071)
1.593(0.107)

1.548(0.156)
1.423(0.174)

up to 4th-order
up to 5th-order
up to 6th-order
up to 7th-order
up to 8th-order

-0.706(0.049)
-0.876(0.070)
-0.761(0.106)
-0.716(0.156)
-0.592(0.174)

0.825(0.010)
0.830(0.010)
0.832(0.010)
0.832(0.010)
0.831(0.010)

* The value in the parenthesis stands for one standard deviation of
the statistical uncertainty.
** All the calculated results include the PSE.

* The value in the parenthesis stands for one standard deviation of

the statistical uncertainty.

** All the calculated results include the PSE.

der are used. In addition, the low-order Padé approximation

gives similar results as the higher-order Taylor series approx-

imation. However, the discrepancies-010% can be still ob- so that the positive- and negative reactivity worths are roughly

served for the perfectly voided case calculated with the Padlée same. Then the positive reactivity worth is calculated for

approximation as shown ifable 4. the 200% increase in the sample density and the negative one
is for the 100% decrease in the densifiable 5 shows the

2. Midpoint and Interpoint Methods comparison of the Np-237 sample reactivity worth calculated

The interpoint method calculates the sample reactivit)y using the midpoint and interpoint methods with the Taylor
worth at the interpoint between the cases where the samgiries approximation. The results for the midpoint method be-
is inserted and is perfectly withdrawn. Namely, the positivecOmes better as the order of the Taylor series becomes higher.
and negative-side reactivity worths from the interpoint (refertlowever, there still exists the discrepancy~of% even for

ence point) are calculated at the same time. The worths cHif seventh-order result. The interpoint method, on the other
be expressed as follows: hand, yields the fluctuated results with the order. This fluctu-

ation is caused by the positive-side reactivity worth as seen in
Table 6. Since the positive-side reactivity worth is calculated

AkT =K' (0)Aa™ + 1la"’(O)(Aa*)2 ) ) :
2 for more than 100% change in the density, the higher-order

i lk’“(o)(Aa*)?’ T (46) terms of the Taylor series becomes large.
3! ] To circumvent the fluctuation of the Taylor series approx-
Ak~ =K (0)(—Aa™) + —k”(O)(—Aa‘)Q imation, the Padé approximation is applied for the interpoint
] 2 method. Table 7 shows the Np-237 sample reactivity worth
+ fk/"(o)(_Aa—)i% ... (47) calculated by using the interpoint method with the Padé ap-

3! proximation. The Padé approximation yields the relatively
The total reactivity worth is then calculated as stable results for the positive-side reactivity worth. However,
the interpoint method with Padé approximation still underesti-
mates the reference result for the total reactivity worth; it gives
similar results as the ordinary Taylor series approximation.

Ak = Akt — Ak~ (48)

If we select such thaha = Aat = Aa™, Eq. @8) is simpli-

fied as follows: V. Concluding Remarks

The applicability of the Taylor series approach with the
DOS method has been examined for the calculation of sample
This is the midpoint method. It has an advantage that the mideactivity worth. The alternative approaches such as the Padé
point method with the odd-order Taylor series approximatioapproximation, the midpoint and interpoint methods are also
yields the same result as that with one more higher-order Tagxamined. The higher-order DOS method including the PSE
lor series. has been formulated. The methodology has been implemented

For the interpoint method, the reference point (interpointnto the MVP code to perform benchmark calculations. The
is set to the system with the Np-237 sample voided by 66.7%llowing conclusions have been obtained.

Ak = 2K/ (0)Aa + %k"'(O)(Aa)S b (49)

VOL. 2, OCTOBER 2011



850 Yasunobu NAGAYA et al.

. . . - approach and the DOS method. The estimation of the higher-
Table 7 Positive- and negative-side reactivity worths calcu-

lated b ing the int int method with the Padé order effect gives a better approximate result even for such a
ated by using the interpoint method wi € Fade approXkase. Further investigation is, however, required for the accu-
mation and their reference value

rate estimation of sample reactivity worth. Further research

Reactivity worth (03 Ak /kk") for the area of applicability is also required.
Positive Negative Total Acknowledgments
(+200%) (-100%)
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