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A kinetic analysis code for weakly coupled systems is developed. It is based on the theory of a time-dependent 
integral neutron transport equation. Using this method, kinetic analyses in the super prompt critical condition are 
performed for a nuclear pumped laser experiment reactor, which is a weakly coupled system of fast-pulse cores and a 
thermal laser module. The results show that there is not only a delay in the pulse peak in the thermal laser module in 
response to the fast-pulse cores but also a similar delay in the pulse peak in outer region of the thermal laser module 
in response to the inner region of the thermal laser module. Our analysis is demonstrated that this method is effective 
for space-dependent kinetic analysis in weakly coupled systems. 
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I. Introduction 
One-point kinetic theory is widely used in kinetic analysis. 

The method is feasible for the analysis of most conventional 
reactors. In some cases, however, it is necessary to perform 
space-dependent kinetic analysis for weakly coupled systems. 
In such cases, the point kinetic method is not feasible. Ex-
amples of weakly coupled systems in which kinetic analysis 
is needed are super prompt critical kinetic analysis with sev-
eral fuel solution tanks and kinetic analysis of experiment 
reactors for nuclear-pumped lasers, which have coupled, 
fast-pulse cores and a thermal laser module. No effective and 
practical method to do kinetic analysis for such system has 
been developed. For the analysis of such systems, a 
space-dependent kinetic method for weakly coupled systems 
is needed. 
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For the space-dependent kinetic analysis in the super 
prompt condition, a kinetic analysis code has been devel-
oped and validiated.1,2,3) This code is based on the 
time-dependent integral neutron transport equation using the 
time-dependent probability density function of the coupling 
coefficient.4)  Some kinetic analyses have been performed 
by the developers for weakly coupled fast-pulse cores and 
thermal laser modules by using the code. The 
space-dependent kinetic analyses were performed by divid-
ing the reactor into three regions, two corresponding to the 
pulse core and one to the thermal laser module. In this case, 
the reactor power increased rapidly. In response to a nega-
tive feedback effect of the cores, the power of each region 
reached a peak value and then decreased. The analyses 
showed that the reactor period after reactivity insertion de-
pended on the neutronic characteristics of the thermal laser 
module, that the time of the power peak in each region dif-

fered, and that the time of the power peak in the thermal 
laser module region was delayed from that of the fast-pulse 
cores. In the experiment reactor, the change in the power 
density distribution in the thermal laser module during the 
transient is expected to have some effect on laser oscillation 
in the module. Therefore, to determine the space distribution 
of fission power during transient in the reactor is quite im-
portant. It can be expected that in the thermal laser module, 
the power density distribution during the transient can be 
changed because of the reactor design, in which the 
fast-pulse cores are set inside the thermal laser module. 

The purpose of this study was to demonstrate that the de-
veloped method is effective for space-dependent kinetic 
analysis of weakly coupled systems in the super prompt crit-
ical condition.  We attempted to show that the change in the 
power density distribution during the super prompt critical 
condition in the thermal laser module can be analyzed in the 
experiment reactor of a nuclear-pumped laser, which is a 
coupled system of fast-pulse cores and a thermal laser mod-
ule. 

 
II. Methodology 

The developed code is based on the theory of the 
time-dependent integral transport equation and the probabil-
ity density function of the coupling coefficient.2,4)  

A weakly coupled system was divided into multiple re-
gions to analyze changes in the fission power of each region 
at the supercritical condition. The analyses of the first pulse 
focused on the current study, so only prompt neutrons are 
considered in the code. 

The time-dependent integral transport equation in this 
case can be expressed by the following equation by using the 
probability density function of the coupling coefficient be-
tween the regions. 
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where  𝑁𝑖(𝑡) is the number of fissions in unit time in region 
i at time t, 𝛼𝑖𝑗

𝑝 (𝑡) is the probability density that a fission 
occurs in region i time t after a fission occurs in region j by 
prompt neutrons, 𝑡𝑐

𝑝  is the time when stepwise positive 
reactivity is inserted, and n is the total number of regions. 
The probability density can be said to be a probability den-
sity function of coupling coefficient. The probability in 
which a fission occurs in region i until time 𝜏 after a fission 
occurs in region j by prompt neutrons is expressed in the 
following equation, 
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If 𝛼𝑖𝑗

𝑝 (𝑡) or 𝐶𝑖𝑗
𝑝(𝜏)  are known, it is possible to calculate the 

number of fissions per unit time in each region after the 
reactivity insertion by using the finite difference method. 
𝐶𝑖𝑗
𝑝(𝜏) can be obtained by neutron transport Monte Carlo 

calculations. By taking a tally of the time between the fission 
events in non-analog Monte Carlo calculations, the average 
value of probability in which a fission occurs in region i un-
til time 𝜏  after a fission occurs in region j by prompt 
neutrons is obtained by the following equation. 
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where L shows the index number of tally batches in the ei-
genvalue Monte Carlo calculation, i.e. the index which 
shows each random walk of neutron, 𝑁𝑡𝑎𝑙𝑙𝑦  is the total 
number of tally batches, 𝜎𝑓𝑥(𝐸𝑖𝑛) and 𝜎𝑡𝑥(𝐸𝑖𝑛) are the 
microscopic fission cross section and the microscopic total 
cross section of nuclide x at energy Ein respectively, 𝑤𝑖𝑗

𝑖𝑛  is 
the weight of the neutron before collision whose initial point 
is in region j and causes a collision in region i, 𝑊0𝑗𝑥′ is the 
weight of a fission source neutron in region j from nuclide x’, 
and 𝜈𝑝𝑥′(𝐸𝑚)  is the number of prompt fission source neu-
trons produced by the fission of nuclide x’ by the incoming 
mother neutrons with energy Em. Σ0≤𝜏′≤𝜏 in the numerator 
means the summation of the values in the collisions at time 
𝜏′  which satisfies 0 ≤ 𝜏′ ≤ 𝜏 . Continuous Energy Monte 
Carlo code MVP2.05) was modified to calculate 𝐶𝑖𝑗

𝑝(𝜏) in 
the eigenvalue calculation using nuclear data library 
JENDL-3.3.6)  

From Eq. (1), the difference equation when the reactor is 
critical at time t < 0 and becomes super critical at t = 0 is 
obtained as the following. 
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where 𝛼𝚤𝚥

𝑝� (𝜏)  and 𝐶𝚤𝚥
𝑝� (𝜏) are 𝛼𝑖𝑗

𝑝 (𝜏)  and 𝐶𝑖𝑗
𝑝(𝜏)  respec-

tively, at the critical steady state condition, in which the 
temperature is initial uniform temperature, 𝑁𝑗0 is the num-
ber of fissions in unit time in region j in the critical condition, 
T(t’) is the vector whose element shows temperature of each 
region in the system at time t’, ∆𝑡 is the width of the time 
step, k is the number of time steps, and  Tk’ is the vector 
whose element shows temperature of each region in the sys-
tem at time step k’. The 𝛼𝑖𝑗

𝑝 (𝜏) and 𝐶𝑖𝑗
𝑝(𝜏) depend on the 

temperature vector. For the practical calculation, the change 
of temperature of a region which has little effect on reactivi-
ty can be neglected to simply the analysis. The code to 
calculate the number of fissions per unit time in each region 
at each time step by using the Runge-Kutta method has been 
developed.3)   

The reactivity feedback effect during the transient can be 
treated to calculate𝐶𝑖𝑗

𝑝(𝜏′,𝐓) in different temperature distri-
butions. In the calculation, it is assumed that heat transfer 
between the different regions is negligible because the tran-
sient period is very short. A table of values of  𝐶𝑖𝑗

𝑝(𝜏′,𝐓) for 
different fast-pulse core temperatures has been prepared. The 
temperature rise for each region is calculated by the integral 
power and its heat capacity. At each time step, interpolated 
values obtained from the table at the appropriate temperature 
are used for the transient calculation. By the code, the 
change of fission power in each region is calculated after 
stepwise reactivity insertion from the critical condition. 

 
III.  Kinetic Analysis of a Nuclear Pumped Laser 

Experiment Reactor as an Example of a Weak-
ly Coupled System 

One example of a weakly coupled system is the experi-
ment reactor for a nuclear pumped laser that was developed 
in IPPE, Russia.7) The reactor consists of two parts. One is 
two fast-pulse cores made of highly enriched uranium metal, 
and the other is a thermal laser module, which surrounds the 
fast-pulse cores. The neutron spectrum in the fast-pulse cores 
is so hard. In the thermal laser module, a polyethylene mod-
erator is used and the amount of uranium metal is small, so 
the neutron spectrum in the thermal laser module is so soft. 
There are void regions between the two regions, so the 
coupling of the two regions is weak.  

The developed code is effective for the transient analysis 
when the reactor becomes prompt super critical from the 
critical condition by stepwise reactivity insertion. Some 
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analysis has been performed by using the code.3) In the 
analysis, the reactor has been divided into three regions, one 
fast-pulse core, another fast-pulse core, and the thermal laser 
module. It was shown by the analysis that there was some 
difference in the power change during the transient between 
the fast-pulse cores and the thermal laser module.  

The volume of the thermal laser module is large, so it is 
expected that there would also be a difference in the power 
change for the thermal laser module. In the experiment for 
laser oscillation, it is expected that such a difference or delay 
in reaching the maximum power in each region in the ther-
mal laser module can have a remarkable effect. In the study, 
analysis was performed by dividing the thermal laser module 
into two regions to determine whether such a delay could be 
analyzed by the method. 

The geometry of the reactor used for the analysis is shown 
in Fig. 1. The reactor consisted of two parts. First, there 
were two fast-pulse cores made of highly enriched uranium. 
In the analysis, the uranium enrichment was set to 100%. 
The other part was a thermal laser module consisting of laser 
cell tubes and a polyethylene moderator. The laser cell tubes 
were made of stainless steel tubes with an approximate tube 
diameter of 5 cm. The inside surfaces of the tubes were 
coated with highly enriched uranium metal. A polyethylene 
moderator was set between the tubes. The laser module was 
a subcritical thermal core. The design parameters of the 
fast-pulse cores and the laser module are shown in Table 1. 

Kinetic analysis was performed for the reactor. In the 
analysis, an eigenvalue calculation was performed to obtain 
the effective multiplication factor keff. The initial condition 
was set by changing the number of neutrons per fission  ν  to 
𝜈/𝑘𝑒𝑓𝑓. At time 𝑡 = 0, positive reactivity was inserted by 
changing the value in a stepwise manner to 𝜈, and kinetic 
calculations were performed after reactivity insertion. The 
reactor power at the initial condition was set to 1 W.  

The reactor was divided into three regions in the analysis. 
The first region was two fast-pulse cores. The thermal core 
for the laser module was divided into two regions in a radial 
direction. The second region was an inner part of the thermal 
core, and the third region was the outer part of the thermal 
core (Fig. 1). The change in fission power was calculated for 
each region. The initial temperature was set to 300 K. It was 
assumed that there was no heat transfer between the regions 
during the transient. The 𝐶𝑖𝑗

𝑝(𝜏)  values were calculated for  

temperatures of 300 K and 800 K. The MVP 2.0 and 
JENDL-3.3 nuclear data library were used to calculate the 
initial condition. The 𝐶𝑖𝑗

𝑝(𝜏)  values were obtained by the 
modified MVP2.0 with the JENDL-3.3 nuclear data library. 
The kinetic calculation was performed by using the kinetic 
code developed using the 𝐶𝑖𝑗

𝑝(𝜏)  values.  
 
IV. Calculation Results and Discussion 

The effective multiplication factor of the initial condition 
was found to be 1.1057. Calculated changes in fission power 
after the reactivity insertion at each region are shown in 
Fig. 2. The calculation results show that there are some de-
lays in the power peak between the regions. Table 2 shows 
the delay in the power peak for each region in the thermal 
laser module from the power peak of the fast cores. The ta-
ble also shows the full width of half maximum of the peaks. 
The results show that the power peak of the thermal laser 
module delays from 4.0x10-3 s to 4.1x10-3 s from the power 
peak of fast-pulse cores. The results also show that the pow-
er peak of the outer region of the thermal laser module is 
delayed by approximately 0.1x10-3 s from the power peak of 
the inner region of the thermal laser module. This finding 
indicates that the time of the power peak depends on the 
position in the thermal laser module. 

As shown previously,3) the time constant of the power in-
crease of fast cores after the reactivity insertion depends on 
the neutronic characteristics of the thermal laser module. 
Because of differences in the neutron generation time be-
tween the fast-pulse cores and the thermal laser module, 
transient behavior after the reactor becomes supercritical is 
different. The fission neutrons in the thermal laser module 
and fast neutrons from fast-pulse cores cause fissions after 
the neutron-slowing process in the thermal laser module. 
This process causes a delay in power peaking in the thermal 
laser module. In this study, it was shown that the time of the 
power peak in the thermal laser module differs from that in 
the different region. This result suggests that there is a wave 
of the fission power peak that moves from inner to outer 

Fast pulse cores 
Material Uranium metal 
Enrichment 100 % 
Core height 15 cm 
Core radius 7.5 cm 
Number of cores 2 

 
Laser cell module 

Material of laser cell tube  SS316 
Inner / Outer diameter of the laser cell  49 mm / 50 mm 
Inner coating of laser cell Uranium metal 
Enrichment of uranium 100 % 
Thickness of the coating 5 μm 
Laser gas medium Ar:Xe=200:1 
Laser gas pressure 1 atm 
Laser cell pitch 55 mm 
Moderator between the laser cell tubes Polyethylene 

Table 1  Design Parameters of Experimental Reactor for Nuclear 
Pumped Laser 

 

Fig. 1 Calculation geometory of Nuclear Pumped Laser Experiment 
Reactor (1: Void, 2: Fast pluse cores, 3: Polyethylene reflector, 4: 
Inner region of thermal laser module, 5: Outer region of thermal 
laser module) 
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areas of the thermal laser module. It is expected that the 
space and time dependency of fission power in the thermal 
laser module may affect the laser oscillation. It is meaningful 
that it is possible to analyze such space and time dependency 
by using the developed code. In this study, the thermal re-
gion was divided into only two regions. It is expected that 
more detailed space and time-dependent kinetic analysis 
would be possible by dividing the thermal laser module into 
more regions. Such detailed analysis may make it possible to 
observe in detail the movement of the fission power wave 
peak in the thermal laser module. 
 
V. Conclusions 

A new kinetic analysis code has been developed using the 
probability density function of the coupling coefficient based 
on the time-dependent integral neutron transport equation. 
The method makes it possible to perform kinetic analysis of 
weakly coupled systems, for which there was no practical 
method before. Kinetic analysis was performed for a nuclear 
pumped laser experiment reactor, which was a weakly 
coupled system of fast-pulse cores and a thermal laser mod-
ule. The results showed that after insertion of positive 
reactivity to make the reactor super critical, there was not 

only some delay in the power peak of the thermal laser mod-
ule to the fast-pulse cores, but also a delay in the power peak 
in the outer region of the thermal laser module to the inner 
region. These findings indicate that there is space and time 
dependency of the neutron fission power peak in the thermal 
laser module during the transient. Based on the present 
analysis, it appears that the code developed can be useful for 
kinetic analysis in weakly coupled systems. By dividing the 
region more, it will be possible to perform more detailed 
space and time-dependent analysis.  
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- 4.0x10-3 4.1x10-3 
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Table 2  Fission power peaks after reactivity insertion 
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