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Kinetic Integrated Modeling of Plasma Heating in Tokamaks
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Plasma heating and current drive can cause deformation of the momentum distribution function of the heated species.
The deformation affects the heating, the loss mechanism, and the radial transport of energetic ions. The fusion reaction
rate and the propagation of RF electric fields is also influenced by the deformation. Therefore, self-consistent heating
analysis including the deformation of the distribution function is required for quantitative analysis. In the present analy-
sis, the deformation of the distribution function and the behavior of radial diffusion during heating in tokamak plasmas
are studied using the integrated tokamak modeling code TASK and its components TASK/FP and TASK/WM. The
newly extended bounce averaged Fokker-Planck component TASK/FP implements relativistic and energy conservative
collision models, and it enables us to solve the Fokker-Planck equation for each species simultaneously. Using the
integrated code TASK, multi-species plasma heating is analyzed, and the effect of various radial diffusion models are
examined.
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I. Introduction

In order to achieve steady thermonuclear reaction, it is
necessary to heat a confined high density plasma to a high
temperature. Various heating schemes, such as RF waves,
neutral beam, ohmic current, and fusion reaction, have been
used in magnetically confined plasmas. These plasma heating
and current drive methods deform the momentum distribution
function of the heated species. The deformation of the mo-
mentum distribution functions from Maxwellian affects phys-
ical phenomena such as transport, wave propagation and ab-
sorption, fusion reaction rate, and collisional relaxation pro-
cesses. Since these kinetic effects can not be described by
the conventional fluid model, kinetic analysis which includes
the effects of deformation of the momentum distribution func-
tions is required for a quantitative description of heating and
current drive.

A number of Fokker-Planck codes have been developed1–6)

for this reason. Some of them consists of a two dimensional
momentum space, multi-species, relativistic, and bounce aver-
aged Fokker-Planck equation solver running on a radial array
of non-circular flux surface. Our Fokker-Planck component,
TASK/FP,2,7) is one of them. TASK/FP has the following ad-
ditional features: Firstly, it includes the non-linear collision
term to second order in Legendre polynomials in order to con-
serve total density, momentum and energy through collision.
Secondly, it calculates the momentum distribution function of
each species simultaneously. Thus, the effects of collisions
with the deformed distribution function of background par-
ticles are taken into account. Thirdly, it is able to couple
with the full wave analysis component TASK/WM8) in order
to evaluate ICRF wave-particle interaction. Fourthly, it im-
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plements a radial diffusion term which has some momentum
dependence.

The integrated tokamak modeling code, TASK, is com-
posed of several components. The full wave component,
TASK/WM,8) calculates the wave electric field by solving
Maxwell’s equations including the plasma dielectric tensor.
The bounce-averaged Fokker-Planck component, TASK/FP,
analyzes the time evolution of the momentum distribution
functions for electrons and ions by solving the Fokker-Planck
equation including the quasi-linear diffusion terms calculated
from the wave electric field. The dielectric tensor component,
TASK/DP, calculates the plasma dielectric tensor by numer-
ically integrating the momentum distribution functions. By
repeating this cycle, we can describe the time evolution or the
steady state of the wave heating and current drive.

We analyze multi-species heating of a plasma composed of
four particle species: electron, deuteron, triton andα particle.
For the cases we studied, neutral beam injection, ICRF wave,
and3.5 MeV α particles which are generated by nuclear reac-
tion are used as heat sources. The ICRF waves generate ener-
getic ions at the fundamental and higher harmonic cyclotron
resonance; a high-energy tail of the momentum distribution
function, which affects the absorption of the ICRF waves, is
formed. In the case of the second cyclotron harmonic, a small
fraction of ions is strongly accelerated and a stronger energetic
tail is generated. Neutral beam and fusion reaction sources
lead to non-Maxwell distribution functions, and these distri-
bution functions affect the other species through collisions. In
the present analysis, we have introduce two radial diffusion
models: one is the diffusion coefficient without momentum
dependence, and the other depends on momentum.

In Section II, the physics model and the features of
TASK/FP are explained. In Section III, numerical results of
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multi-species heating analysis in ITER plasmas are shown us-
ing the integrated code TASK. The last section is devoted to
conclusions.

II. Fokker-Planck Component TASK/FP

First, we describe the Fokker-Planck component,
TASK/FP, which solves the bounce averaged Fokker-Planck
equation:

∂fs

∂t
= C(fs) + Q(fs) + D(fs) + L(fs) + S (1)

where the termsC, Q, D, L, and S denote collision due to
Coulomb collision, quasi-linear diffusion due to wave-particle
interaction, radial transport, loss, and source, respectively.fs

denotes the momentum distribution function for speciess,
fs(p, θ, ρ, t), wherep andθ are the momentum and pitch angle
at the minimum magnetic field point on the magnetic surface
andρ is the normalized minor radius of the magnetic surface.
The pitch angle can be represented in terms of the parallel and
perpendicular momentum astan θ = p∥/p⊥. In the present
analysis, we assume zero banana width limit and employ the
normalized minor radius,ρ, instead of the normalized canon-
ical angular momentum. This component can calculate the
time evolution of distribution functions not only for the mainly
heated species but also for other species.

1. Collision Term

Several models for the Coulomb collision are available in
TASK/FP. The linear collision model9) assumes a Maxwellian
distribution for field particles. It doesn’t conserve the total
momentum or energy and is not adequate when various heat-
ing processes occur simultaneously. In the non-linear colli-
sion model,9–11) the distribution functions of each field particle
species, includingfs itself, are expanded in terms of Legendre
polynomials,Pl(cos θ):

fs(ps, θs, ρ, t) =
L∑

l=0

f (l)
s (ps, ρ, t)Pl(cos θs) (2)

whereθ is the pitch angle at the minimum magnetic field point
on the magnetic surface. By integrating over momentum, we
can calculate the non-linear collision terms. If we keep only
the lowest order term (L = 0), the non-linear term conserves
only the number of particles. Depending on the number of
terms, the non-linear Coulomb collision model satisfies mo-
mentum (L ≥ 1) and energy (L ≥ 2) conservation. Relativis-
tic effects are also included according to the formulation by
Braams.11)

In the case of Maxwellian momentum distribution function,
the collision operator has no poloidal angle dependence, since
the density and temperature are uniform on the magnetic sur-
face. In the non-Maxwellian case, however, the poloidal an-
gle dependence generally appears. In the present analysis, the
bounce averaged non-linear collision operator is evaluated by
the momentum distribution function at the poloidal angle of
minimum magnetic field strength and its poloidal angle de-
pendence is assumed to be weak.

2. Radial Transport Term
The radial transport termD(fs) is composed of radial dif-

fusion and pinch terms. In the present analysis, two diffusion
model are employed, one is constant in momentum space and
the other depends on momentum as:

Dρ ∝ D̄(ρ)√
1 + p2/p2

th(ρ)
(3)

wherepth(ρ) denote the thermal momentum at the normalized
minor radiusρ. The latter model simulates the finite gyrora-
dius effect due to turbulence withk⊥rg,th ∼ 1 wherek⊥ is
the typical perpendicular wave number andrg,th is the ther-
mal gyroradius. The spatial diffusion across a magnetic field
can be expressed as:12)

D⊥ ∝
∑

k

∑
n

∫ ∞

−∞
dω

[
|E2(k, ω)|

× k2
⊥

k2
J2

n(ζ1)δ(nΩ + k∥v∥ − ω)
]

, (4)

where|E2(k, ω)| denotes the fluctuation spectrum andJn(ζ)
is the Bessel function of thenth order with the argument
ζ = k⊥v⊥/Ω = k⊥rg. k and ω are the wave vector and
the frequency of the fluctuation. The quasi-linear theory has
shown that the radial diffusion coefficient in a magnetized
plasma is proportional toJ2

n(ζ) or similar terms. Since the
gyro radiusrg of energetic ion is much larger thanrg,th and
k⊥ spectrum of the turbulence is usually broad,J2

n(ζ) depen-
dence may be approximated by1/ζ by the use of the asymp-
totic form,Jn(ζ) ∝ 1/

√
ζ. Therefore, from Eq. (4), we con-

clude that the radial diffusion scales as1/
√

p2
⊥. For simplic-

ity, p⊥ in the dependence is replaced byp in our calculations.
The radial variation of̄D is taken to be parabolic:

D̄(ρ) = D̄(0) + (D̄(1) − D̄(0))ρ2 (5)

This is because the radial diffusion coefficient observed in typ-
ical experiments is tend to be weak in the plasma core region
while it is typically strong at the plasma edge region.

The pinch effect which sustains the density profile was in-
troduced through the radial friction coefficientFr, which sat-
isfies ∫

dp
(

Dρ
∂f

∂ρ
− Fρf

)
= 0. (6)

Since we have assumed the zero banana width limit, the
neoclassical radial transport is neglected because it is assumed
that the anomalous transport due to turbulence is sufficiently
large compared to the neoclassical transport.

3. Source Term
The source termS(fs) includes particle sources such as

NBI andα particles generated by fusion reaction. The neutral
beam is a source of accelerated ions and electrons which have
the same velocity. In TASK/FP, the deposition profile is con-
stant in time and the pitch angle of the beam is constant in the
radial direction. The radial deposition profile is approximated
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by a Gaussian distribution. The fusion reaction ratesR∗∗ for
D-D, D-T, and T-T reactions are calculated in TASK/FP. Since
the reaction rate depends on the momentum distribution func-
tion of the fuel ions, it is calculated using13)

Rab =
∫∫

σT (Eb)v′fa(pa, θa, ρ, t)fb(pb, θb, ρ, t)dpadpb (7)

wherev′, Eb, andσT denote the relative velocity between re-
acting ions, the kinetic energy of speciesb, and the cross sec-
tion of fusion reaction, respectively.

4. Numerical Method
In TASK/FP, the full implicit method is used for time ad-

vancing. The difference equation for time advancing is

f t+1
s − f t

s

∆t
= A t+1

s f t+1
s + Hs, (8)

whereA t
s andHs denote the coefficient matrix and the source

term vector at time stept for speciess. The equation is rewrit-
ten as:

f t+1
s =

(
I − A t+1

s ∆t
)−1 (

f t
s + Hs∆t

)
(9)

SinceA t+1
s in the right-hand side of Eq. (9) depends onf t+1

s ,
iteration is needed untilf t+1

s converges.
In the following calculation, the time step∆t has same

value for all species. The value of∆t is continually adjusted
to make the iterative scheme converge as quickly as possible.
The value always satisfies:1ms < ∆t < 30ms. When the
deformation of the momentum distribution function is large,
the value of∆t tends to be small andvice versa.

5. Parallel Processing
TASK/FP is parallelized using the parallel matrix solver

PETSc14) in order to reduce the calculation time. The cal-
culation is split into several processes, the number of which
is a divisor of the number of radial grid points. The reduction
of computation time through parallel processing is shown in
Fig. 1.

Using a cluster computer with 128 cores on 16 nodes, a
test calculation is done using various numbers of nodes and
cores. The test calculation describes temperature relaxation
among electron and ions without radial diffusion using64 grid
points. Figure1 shows the calculation time (user time and sys-
tem time) vs. the number of grid points per node for various
numbers of cores. It is found that the user time (blue lines)
is almost inversely proportional to the number of cores but is
nearly independent of numbers of grid points per node. On
the other hand, the system time (red lines) depends on not
only the number of cores, but also on numbers of grid points
per node. The system time increases as numbers of grids per
node increases.

From these results, it is found that the calculation time de-
creases as numbers of cores increases and numbers of grid
points per node decreases in our calculation environment.

III. Numerical Results of Multi Species Heating

We carried out numerical analysis of multi species heating
with two radial diffusion models. The first diffusion model
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Fig. 1 The user time (blue lines) and the system times (red
lines) for different numbers of cores. The horizontal axis
denotes the number of radial grids per a node and the ver-
tical axis denotes the calculation time. For example, the
lowest (blue) and second lowest lines (red) denote the cal-
culation time of the test calculation using64 cores.

Table 1 Plasma parameters

major radius R0 6.2 m
minor radius a 2.0 m
elongation κ 1.7

triangularity δ 0.33
magnetic field on axis B0 5.3 T

initial temperature on axis T0 10.0 keV
initial temperature on surface Ts 1.0 keV

initial density on axis n0 1×1020/m3

initial density on surface ns 1×1019/m3

initial deuterium ratio nD/ne 0.5
tritium ratio nT /ne 0.5
NBI energy ENBI 1 MeV

α particle energy Eα 3.5 MeV
ICRF wave frequency fRF 55.0 MHz

is parabolic in the radial direction (̄D(ρ = 0) = 0.1m/s2,
D̄(ρ = 1) = 1.0m/s2) and constant in momentum space.
The second model is also parabolic in radial direction but de-
pends on the momentum as Eq. (3). In these analyses, we
used the parameters inTable 1, simulating ITER like toka-
maks. We used a55 MHz ICRF wave,1 MeV deuterium NBI,
and3.5 MeV α particles as heat sources. Theα particle gen-
eration rate is calculated by numerical integration [Eq. (7)].
Electrons and fast tritons accelerated by ICRF, fast deuterium
injected by NBI, and fastα particles generated by fusion reac-
tion collide with each other and transfer their energy through
collision. Figure 2 shows wave absorption profiles calculated
by TASK/WM. The tritons absorb wave power near the sec-
ond harmonic resonance surface as shown in Fig.2(a). In the
following TASK/FP calculation, the input ICRF wave ampli-
tude is held constant.

1. Case without Momentum Dependence

First, we studied the effect of radial transport without mo-
mentum dependence. In this analysis, the NBI power was
31.7 MW, theα particle heating power was16.6 ∼ 23.4 MW,
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Fig. 2 ICRF wave absorption profiles. (a) Absorbed power
density profile for T on poloidal cross section. (b) Radial
profile of absorbed power densityPabs.

and the initial value of the ICRF heating power was14.2 MW
(6.81 MW for electrons and7.39 MW for triton). The absorp-
tion power increases to16.9 MW. Since the input wave ampli-
tude is fixed in this calculation, the absorbed power increases
due to the generation of fast ions.Figure 3 shows the contours
of distribution functions for electrons, deuterons, tritons, and
α particles at 1 sec after the onset of heating. Anisotropy of
the deuteron and triton distribution functions (Figs.3(b) and
(c)) is due to NBI and ICRF wave absorption. Cyclotron har-
monic resonance mainly increases the perpendicular momen-
tum of particles. There are two tips in Fig.3(c) because of
trapped particle effects. Figure3(d) shows that the distribu-
tion function of He has a peak at3.5 MeV (p̄ ∼ 27) . From
Figs.3(a) and3(c), it was found that the deformation of the
electron distribution function is much less than that of triton.
This is because the collisional relaxation time of electrons is
much shorter than that of triton.

Figure 4 shows the radial profiles of power absorption,
collisional power transfer, power loss due to radial diffusion,
and the sum of these terms,∆W . From Figs.4(a) and (b),
the dominant heat mechanism for each species is confirmed.
Deuteron and triton are mostly heated by external heating:
NBI and ICRF. Meanwhile, electrons are heated through colli-
sion with fastα particles generated by fusion reaction and fast
ions. From Figs.4(a) and (c), we find that the diffusive power
transfer profile is comparable to the power absorption profile.
The reason is that, since the radial diffusion coefficient is in-
dependent of momentum space, radial diffusive power trans-
fer increases with the increase of the population of fast ions.
In Fig. 4(e), bulk temperature is estimated by the following
equation around thermal momentum;

Tbulk,s = −psfs

γs

(
∂fs

∂p

)−1

. (10)

Since the distribution function of deuterons has a strong
anisotropy as is shown in Fig.3(b), there is a large difference
between averaged energy density and bulk temperature.
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Fig. 3 Contours of distribution functions at the peak of wave
absorption (ρ = 0.17) in 2D momentum space. (a) elec-
tron, (b) D, (c) T, (d) He. Vertical and horizontal axes are
perpendicular and parallel normalized momentum.p̄ ∼ 15
correspond to1 MeV. The contours have been chosen such
that they are evenly spaced when the distribution functions
are Maxwellian.



82 Hideo NUGA et al.

PROGRESS IN NUCLEAR SCIENCE AND TECHNOLOGY

 0

 0.8

 0  0.5  1.0
ρ

P
ab

s 
  [

M
W

/m
 ]3

D

e

T

α

(a)

-0.4

 0

 0.6

 0  0.5  1.0
ρ

P
C

  
 [

M
W

/m
 ]3

D

e

T

α

(b)

-0.8

 0

 0.1

 0  0.5  1.0
ρ

P
D

r 
  [

M
W

/m
 ]3

D
e

T

α

(c)

-0.1

 0

 0.7

 0  0.5  1.0
ρ

Δ
W

  
 [

M
W

/m
 ]3

D

e

T

α

 0.5

(d)

(e)

   0

10

 30

 0  0.5  1.0
ρ

av
er

ag
ed

 e
n

er
g

y
 d

en
si

ty
  
 [

k
eV

 ]

D

e

T

20

Bulk temperature of T
D

Fig. 4 Radial profile of (a) power absorbed from heat sources
Pabs, (b) collisional power transfer to each speciesPc, (c)
radial diffusion loss of powerPDρ , (d) total input power
∆W , and (e) averaged energy densityT̃ . The various lines
indicate electrons (red), deuterons (green), tritons (blue),
andα particles (purple).
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Fig. 5 Contours of distribution functions at the peak of wave
absorption (ρ = 0.17) in 2D momentum space for the case
of radial diffusion reduced for fast ions. (a) electron, (b) D,
(c) T, (d) He.

2. Case with Momentum Dependence

Next, the case with radial diffusion depending on momen-
tum is examined using the same heating source as in the pre-
vious subsection; theα particle heating power is16.6 ∼
32.7 MW, and the the ICRF heating power was14.2 ∼
20.5 MW. Figure 5 shows contours of the distribution func-
tion for each species. Because of the momentum dependence
of Dρ, Eq. (3), the radial diffusion of fast particles is much
less in this case. Therefore, the deformation of the distribu-
tion function is stronger than that of the previous case.

Figure 6 illustrates the radial profiles in this case. Since
the fast particles are less diffusive, theα particle generation
profile has a peak at the peak of wave absorption in Fig.6(a).
Therefore, the profile of radial diffusion loss of electron which
is mainly heated by collision withα particles in Figs.6(b), (d),
and (e), are also changed.

Figure 7 shows the contour of the triton distribution func-
tion in momentum space atρ = 0.57. Figure7(a) illustrates
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Fig. 6 Radial profile of (a) power absorbed from heat sources
Pabs, (b) collisional power transfer to each speciesPc, (c)
radial diffusion loss of powerPDρ , (d) total input power
∆W , and (e) averaged energy densityT̃ .
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the result without momentum dependence and Figure7(b) il-
lustrates the result with reduction for fast ions. The semicircle
of these figures around̄p ∼ 15 indicates the T source due to D-
D reaction, which has an energy of1.01 MeV (p̄ ∼ 15). From
Fig. 7, we found that radial transport of fast ions is strongly
reduced whenDρ depends on̄p. Figure 8 shows the time evo-
lution of the volume averaged energy density in the two cases.
As the fast particle transport decreases, the volume averaged
energy density increases.

IV. Discussion

In the present status of TASK/FP, the zero banana width
approximation is used. However, it is invalid for the analy-
sis of the fast particles. This is because the radial excursion
of the orbit across a magnetic surface is rather large for high
energy particles. Due to the inclusion of the finite orbit width
effect, the radial profile of the density of accelerated energetic
ions will be broadened, and the radial profile of the collisional
power transfer in actual plasma should be broader that of the
present analysis. Therefore, more accurate analysis for fast
ions requires the inclusion of finite orbit width effects with
the transition of particle orbits.

V. Conclusion

We have updated the Fokker-Planck component of TASK,
TASK/FP, for kinetic analysis of heating and transport. The
present study describes the simultaneous analysis of the time
evolution of the momentum distribution functions for a multi-
species plasma with radial transport. We have confirmed that
plasma heating depends on the loss mechanism. More re-
alistic radial transport models, as used in conventional one-
dimensional diffusive transport simulation, and finite orbit
width effects are essential for quantitative comparison with
experimental observation. The implementation is underway.
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